A mathematical model for cell movement in multicellular systems has been developed that allows us to simulate and visualize, in three dimensions, individual cell movements in a number of multicellular systems. These include cell movement during aggregation and slug stage of Dictyostelium discoideum, embryogenesis, limb formation and wound healing.
Introduction
Cell and tissue movement plays a vital role throughout the lifespan of many organisms. Bacteria and other single-cell organisms find food and avoid repellents by chemotaxis. Coordinated movements of cells and tissues occur throughout early embryonic development, and special terminology such as gastrulation and invagination is used to describe them.
In multicellular systems the relative movement of cells can lead to sorting out of different cell types and formation of specific structures and patterns, such as during gastrulation [1, 10] , cancer cell invasion into tissues [39] , the development of Dictyostelium discoideum [3] , limb regeneration [43] , in wound healing [1] , and white blood cell movements through blood vessels [23] . In these multicellular systems the collective motion can be quite different than the motion of isolated individuals. Since the combined effect of cell-cell interactions, and production and propagation of chemotactic signals are often very complex, it is not always obvious what underlying mechanism is responsible for the observed patterns. Thus, there is a need to develop models of cell movements in multicellular systems that will give insight into the mechanism governing this complex behavior. There have been several different approaches used to model the collective motion of cells in multicellular systems:
1. A cellular automata approach [34] , in which formal rules for cell-cell interactions and for the reactions of the cells to their chemical environment are postulated. Simulations of such models show patterns that resemble experimental observations, but limited insight is gained from such models because they do not incorporate the physics of cell-cell interactions and cell-cell signaling. 2. Models designed to simulate cell sorting [7, 20, 24, 25, 38, 41] . One class are fluid type models where the cell aggregate is modeled as a mixture of two fluids. Here the cells have zero size, so the sorting time only depends on the "temperature" (randomness) of the fluid mixture. The problem with these models is that the size and stiffness of the cells are ignored, so they really verify only the theoretical predictions regarding mixing of two fluids. Another class of models use some kind of Potts model [17, 18, 34] to represent the energy between the cells, and cells exchange position with higher probabilities if that exchange is energetically favorable. The problem with Potts type models is that they fail to explain how the cells exchange positions and in some sense they assume that the cell knows beforehand which positions are energetically favorable. 3. Continuum approaches such as those used by Odell and Bonner [27] and by Vasiev et al. [45] to model the slug movement in Dictyostelium discoideum. In the Odell-Bonner model, cells respond to cAMP chemotactically, as they do during the aggregation phase, and the active component of the propulsive force enters as a contribution to the stress tensor. Active stresses are derived from an active relative velocity field set up at the cell surface. Each amoeba is thought of as a "cortical tractor" pulling the surrounding viscous fluid past itself by rotating its membrane at different rates on different parts of the surface. While this is an important attempt at modeling the motion of the slug, there are limitations to the model. Firstly, it is known that cytoplasm is not a simple Newtonian fluid, as they assume [26, 33] . Secondly, the properties of the extracellular fluid, which are critical for the model, are not known. Thirdly, traction forces play no role in the model. Finally, no molecular or cell-based mechanism is proposed that gives rise to the constitutive relations used in the model, and thus one cannot relate them to properties of the cells. Vasiev et al. incorporate the cAMP dynamics, via a FitzHugh-Nagumo model, into a continuum model of mound formation in Dictyostelium. These authors begin with the Navier-Stokes equations for the velocity field and simply add forces intended to model those arising from chemotaxis. While this approach can lead to solutions that apparently reflect aggregation, it is completely phenomenological and no procedure is given to connect the forces postulated with experimentally measurable quantities such as the force exerted by a single cell.
One major problem with most of these models is that they fail to properly balance the active locomotive forces generated by the cells, or the models do not even include them. Some models have an active force that propels the cell, but there is no discussion on where that force is applied. Also most of these models are two-dimensional and therefore often do not adequately describe movement in multicellular systems. The three-dimensional models are cellular automata models that do not contain much information about individual cell characteristics and forces between cells.
The model we present here is a three-dimensional mathematical model of cell movement and cell-cell interactions which allows us to analyze and gain insight into the various processes that govern cell movement inside multicellular systems. To make it feasible to model the motion of tissues comprising thousands of cells, we stipulate that all cells are ellipsoids, and thus restrict the admissible deformations to those which only change the relative lengths of the semi-axes but conserve the cell volume. These computational cells have characteristics and responses that correspond to those observed in real cells. These characteristics include the stiffness of the cell, cell adhesion, locomotive force generation and response to environmental cues. Most cell types have common characteristics like, how they move and interact, deform, exert forces onto other cells and move in response to chemical or mechanical cues, but their exact responses differ. For instances the stiffness of a cell can vary by up to two orders of magnitude; a fibroblast has stiffness 0.6 mdyn/m whereas a red blood cell has a stiffness of 10 −3 mdyn/m [5] . The adhesion can also differ for different type of cells [30] , the surface tension for a limb bud aggregate is 20 dyn/cm but it is 1.6 dyn/cm for Neural retina aggregate [15] . The locomotive force a cell applies also varies more than an order of magnitude [19, 21, 22, 28, 42] . In our model, these values can be changed for each cell individually depending on what cell types we are trying to model, thus making the model very flexible, and applicable to a large number of different multicellular systems. Since our model is based on individual cells and the movement and deformation of the cells is calculated directly from all the forces acting on the cells from the equations of motion and deformation, it does not have many of the limitations of the other models mentioned above. This feature allows us to study the effect that finite cell size, the stiffness of the cells and random movement, has on the rate and completeness of sorting.
Before designing the model, it is important to know how an individual cell moves. When an ameoboid cell moves, either randomly or in response to a chemotactic signal, it sends out pseudopods, one of which eventually dominates and attaches it to the surroundings [46, 48] . This determines the direction of motion, as the cell realigns its axis towards the pseudopod, and the rest of the cell body is "pulled" towards the attached pseudopod. The realignment is not achieved by rotation but by disassembly and reassembly of several proteins [43, 44] . The establishment of a new pseudopod and realignment of the axis does take some time [46, 48] , but once established the cell becomes polarized and moves in the new direction for up to several minutes; for Dictyostelium new pseudopods form about once every 3 min [44] . When the cell senses a chemical gradient, most of the new pseudopods are formed towards the gradient, but in the absence of a gradient the probability of lateral pseudopods is increased [13, 44] . Once the cell moves in a gradient, it becomes polarized and is even less likely to form lateral pseudopods.
The extensions of pseudopods and the retraction of the rest of the cell body require active force generation, and this force is applied at the site of pseudopod attachment (Fig. 1a) . When the cell is moving on a surface, the pseudopod attachment will be onto the surface and the applied force is transmitted directly to the ground. However, when the cell is inside a multicellular aggregate, it must attach the pseudopod to another cell (Fig. 1b) . It is important to realize that when a cell attaches its pseudopod to another cell, and pulls itself forward, the other cell experiences an equal force in the opposite direction. So if that cell is not firmly attached to the ground it is pulled backwards; for a good discussion see [27] . Only forces that are transmitted down to the ground give rise to any net movement of the multicellular system and therefore a complete model of cell movements must balance all the forces. Neglecting to balance the forces has been the main fault of many previous models. In 2D it is not as important since one can assume that each cell is in direct contact with the surface where it applies the active force. However this does not hold true in 3D where the active force most often is applied on a neighbor cell, and this force also affects the motion of that cell. These interactions can have a significant effect on the motion of the system as a whole.
Design of model
The basic units in the model are individual cells, each of which is characterized by its location and orientation within the aggregate, its state of stress, and the active forces it can exert in response to the local micro-environment. Knowing this for each cell, the movement of all cells, and hence of an aggregate of cells can be calculated. We describe below how the present state of a cell is determined, how the forces it can exert are computed, and the algorithm for time-stepping the equations of motion.
The viscoelastic properties of single cells are incorporated into the model as follows. We assume that cells are deformable ellipsoids, conserving the total volume under deformation, with axes of length a, b and c. Each axis contains a nonlinear spring in parallel with a spring and dashpot in series (Fig. 2) , following Skalak et al. [6, 36, 44] . This allows the cell to respond elastically to a brief force application and then deform in a viscous manner under prolonged force, and then finally relax slowly back to a spherical shape, after halting force application. But since the cell must conserve volume the elongation and compression of the three axes are not independent, they occur under the constraint that the volume remain constant. This gives the following equations for the deformation of the i-axis of a cell for a given force on that axis (F i ).
r a r b r c = r a0 r b0 r c0 .
Here r i stands for the lengths of the a, b and c axes, and ff is a modifying force that is calculated from the volume constraint by solving (1) and (2) simultaneously. The physical location and orientation of a cell are given by its center of mass coordinates and the orientation and length of the principal axes, which we denote by the vectors a, b and c.
Orientation
As mentioned earlier, the first step in cell movement is to establish a dominant pseudopod and realign its anterior-posterior axis in that direction. The choosing of the dominant pseudopod is a stochastic process, however, it is strongly biased towards the gradient of a chemotactic chemical and in the direction of the cell's previous orientation. We tried to incorporate these observations into our model. To begin with, the cell determines the gradient of the signal, if the gradient is above a given threshold, the "chosen" direction is picked from a random Gaussian distribution around the direction of the gradient, otherwise the "chosen" direction is picked randomly with a bias towards the previous direction. The cell then realigns its anterior-posterior axis towards the "chosen" direction, according to Eqs.
(3)- (5) . For simplicity, we define the a-axis of the ellipsoid to be the anterior-posterior axis of the cell:
Here γ max is the cell's local chemical concentration and γ thresh is a predetermined threshold concentration. rand is a normalized vector with randomly chosen coordinates. The parameter u takes into account the polarization of the cell, when u is 1 the cell does not change direction. ori1 and β are, respectively, the rates of the orientation and de-orientation of the cell and randfactor gives the weight of the stochastic part. We then determine r new every 3 min, representing a new pseudopod formation, according to
Once the new a is found the Gram-Schmidt process is used to find the new b and c, using the old b and c as the previous orthonormal basis. a, b and c are unit vectors of the ellipsoid axis, the length of the axis is given by ra, rb, rc and the new lengths ra , rb and rc are found by finding where the new vectors a, b and c would cut the surface of the old ellipsoid. Once the cell has decided on a new direction, Eq. (6), it waits until r is pointing in the new direction r new before it applies an active force in that direction. Eq. (3) represents the time it takes to re-establish a new direction for the cell.
Forces
The forces acting on a cell are of three types: passive, active and a viscous drag force. In vivo the active force, often generated in response to a chemotactic signal, is used to orient the cell towards the signal, polarize it, send out a pseudopod and attach it, either to another cell or the boundary, and in effect pull up the main body towards the pseudopod [40] . Since the pseudopod is very narrow and the volume is less than 10% of total cell volume [47] , we assume that the force required to extend the pseudopod is negligible compared to the force required to move the whole cell and that in effect the pseudopod is a volumeless rigid extension that the cell can use to attach and apply force onto the surroundings. In the model we assume that when cell i actively tries to move, it attaches a "pseudopod" either to the boundary, if close enough, or to that neighbor cell j in front of it which has the smallest angle between the vector r ij , which connects the cell centers of i and j , and the a-axis of cell i (Fig. 3) . The active force is always directed along the cell's anterior-posterior axis and the magnitude of force generated for movement depends not only on the average local chemical concentration, but also on what type of cell and whether the cell is attaching to other cells or to the surface. For instance, leukocytes in a glass pipette exert a force of ∼ 3 × 10 −3 dyn per cell [42] , and the average force per cell in a Dictyostelium slug confined to an agar tunnel is ∼ 8×10 −3 dyn [21] . In our simulations, we initially set the active force to be constant at ∼ 5 × 10 −3 dyn whenever the chemical concentration exceeds a threshold. This we believed was reasonable for now, since the magnitude of the active force varies quite a bit and the dependence of the force on the local concentration is not always known.
The passive forces act on the cell stem from adhesive and elastic interactions with neighboring cells. The adhesion force between two cells depends on their proximity, since this determines how many adhesion molecules can bind, but when they get too close there is a repulsive force that arises from the cell's resistance to deformation.
We use the distance, d, between the surfaces of adjacent ellipsoidal cells as an estimate of the separations of the two cells. Fig. 3a shows how the distance, d, is found. The passive force between the cells is always in the r ij direction. r ij is the vector connecting the centers of the two cells. Fig. 3b shows how the passive force varies with the separation d. The relationship we use between the force and d, Eq. (7) is based on qualitative assumptions about the force similar to Evans [11, 12, 50] that if the cells come too close, they repel each other and that the adhesive force is maximum at some given distance and becomes zero at large distances. There are some estimates of the magnitude of the adhesion force and repulsive force between cells [2, 29] . The exact form may not be all that important, but for numerical purposes it is better if the derivative of the force is small at the point where the force changes signs. However, the range of the adhesion force does play an important role.
We used the following relation for the force F = F ( r ij / r ij ):
Here, adhes is the adhesion strength, fcompress the strength of the repelling force, and x 0 and v 0 are the matching constants. In Fig. 3b , the exponent λ = 7. When the ellipsoids are deformed there is a change in the common surface area between the two cells and thus in the adhesion strength. We try to take this into account by the term
, where d 1 and d 2 are the distances to the surface for ellipsoids 1 and 2, respectively. Notice that the equilibrium state where the force=0 occurs for d = min dist is slightly less than zero. This is not to say that cells overlap each other in real life. The reason why the equilibrium state is at d < 0 is to compensate for our constraint that the cells are ellipsoids. If we look at electron micrographs of multicellular tissues, for example of a Dictyostelium slug [16] , we see that the cells fill out the whole space, there is very little extracellular matrix between cells. The cells inside a multicellular system do not retain a spherical or an ellipsoid shape but deform, increasing the common surface between them, since this increases the number of adhesion molecules that can bind. In our model we assumed, for the sake of simplicity, that the cells where ellipsoid, however ellipsoids are not space filling, so to compensate for this, we let the equilibrium state be where d < 0, thus assuming that the cells are deforming into the vacant space see Fig. 4 . We chose the equilibrium value of min dist to be such that the volume of a stacked cube of these cells would be equal to the sum of the individual cell volumes. This gave us min dist ≈ −0.14 * r cell . The magnitude and direction of the net force, F net , are then found by resolving the above forces acting on a cell into the passive and active components, along the principal axes and summing them up.
Since the Reynolds number, R, of a moving cell about 10 m long and moving at a speed of 10 m/min in water is very low, R ≈ 10 −6 , we can ignore the effect of inertia in the equation of motion. This in effect means that F net is balanced by the drag force, F D , which is generated from the cell movements through a viscous environment. The viscosity a single cell experiences due to its motion comes from two sources: one part is due to the viscosity of the fluid inside the cell (the cytosol), this includes viscous effects from all the proteins and other molecules in the cytosol. Since these are internal viscosities, they can be ignored in the equations of motion. The other part of the viscosity comes from external effects, this includes the viscosity of the fluid (usually water) and viscosity due to cell-surface interactions. For a single cell, F D depends on the absolute velocity of the cell relative to the laboratory frame. When cells are moving in a multicellular system the viscous effects are similar to those of a single cell except some of the viscous effects due to the external fluid and the surface are replaced by viscosity due to cell-cell interactions and the viscosity of the inter-cellular matrix or fluid. So here F D is a composite force and depends on both the speed of the cell relative to the laboratory frame and on the relative velocity of the cell in question and its neighbor cells. Equating F net and F D gives us the equation of motion (11):
The cell surface viscosity, µ 0 , was estimated from the measured velocity of a crawling amoebae and the force that it generates when it moves. There is no good data that we can use to estimate the cell-cell viscosity, µ c , so to begin with we let it be around 3µ 0 , however the model may help us estimate the magnitude of µ c .
Here surf ij is an estimate of the common surface area between cell i and j , and normsurf is a normalizing factor.
Updating the cAMP signaling system in Dictyostelium
We use an existing model of the cAMP system for cells on the plane that has been used successfully to model cAMP wave propagation in aggregating amoebae [8] . In this model the diffusion of the external cAMP is calculated on a regular grid over which the cells move. Since cells are not restricted to grid points, cAMP is interpolated from grid to cell and vice versa in the split-time-step method used. The local dynamics then determines a cell's response to a given signal.
Implementation
We can summarize the above in an algorithm for moving of the cells and updating cAMP, based on an explicit time-stepping scheme for (11).
Step 1. Locate all cells that are within a given distance from cell i. Step 2. Search the cell's neighborhood to determine if the cAMP levels are above threshold, and if so find the direction of the highest cAMP concentration.
Step 3. If necessary, orient the cell towards the direction of the highest cAMP concentration.
Step 4. Find all the forces that act on the cell, F net from each of the neighbor cells found in Step 1, deform the three axes of the ellipsoid, and move the cell according to (11).
Step 5. Repeat Steps 1-4 for all the cells.
Step 6. Update the cAMP concentration.
Step 7. Repeat for all time steps.
To determine the chemical gradient at each cell we assume that a cell can sense a chemical gradient across its body. The chemical concentration is stored on a computational 3D grid, which over-lies the cell positions. The cell compares the chemical concentration in all the grids adjacent to the grid point that the cell belongs to. In three dimensions this amounts to 26 grid points around the cell, and from that information the chemical gradient, cgrad, for a cell is determined.
Parameter values
The code. The program for the model is written in C, where the cell is defined as a structure with a number of properties. The equations of motion and deformation were solved using an explicit forward Euler scheme, an implicit method would be preferable since we could use a larger timestep; however, the computational time would go up as n 2 rather than linearly when increasing the number of cells.
Results
Malcolm Steinberg's group performed a number of experiments [9, 14, 15] , where they compressed cell aggregates of embryonic tissues between two parallel plates and measured the force required to keep the plates at a given separation. The purpose of these experiments was to show that the cells behave as viscoelastic liquids and to measure the surface tension of these embryonic tissues, and thus get a measure of cell-cell adhesion strength. Foty [15] used the following approximation for the relationship between the force on the plate, the shape of the aggregate, and the surface tension, where R 1 , R 2 and R 3 are as shown in Fig. 5 . 
We tested our model by running simulations where we compressed cells between two parallel plates, and determined the force required to keep the plates separated at a fixed distance H . Fig. 6 shows a time sequence of one of these simulations and Fig. 7 shows the force on the plate for the same simulation. Notice that initially the force is large but as the cell mass rearranges, the force required to hold the plates at a fixed distance decreases. This behavior is characteristic of a viscoelastic liquid, the initial force is due to the elastic properties of the cells, and the viscous relaxation of the cell aggregate comes from the movement of cells past each other. When the aggregate reached equilibrium, i.e. when it had formed a smooth rounded surface, we measured R 1 , R 2 , R 3 and the plate force, and using Eq. (15) calculated the surface tension, σ . Table 1 shows the calculated σ from simulations using different H and adhesion. The random movement of cells is very important for the cell mass to reach the equilibrium configuration, especially when the adhesion is weak. Fig. 9 shows the final configuration of a simulation with very little random movement and weak adhesion, ad=15 but with H = 5.0 as before. Notice that the cell mass does not round up well; compare the last two frames in Figs. 6 and 9. Here the force on the plate is 380 nN which is much larger than the force, 292 nN, measured when the aggregate reaches equilibrium, for same adhesion and H but more random movement, see Table 1 . The measured force is larger because the cell mass has not relaxed to the equilibrium state, so part of the force is used to deform the cells instead of only counteracting the surface tension.
From the table one can see that we got approximately the same value for σ for different H , in agreement with theory. The surface tension of a cell aggregate only depends on the cell-cell adhesion strength [32] , and it should not depend on the separation between the plates. On the other hand, when H is fixed and ad is varied, σ increases linearly with the adhesion strength, this is seen more clearly in Fig. 8 . These results indicate that our simulated mass of cells does indeed behave as a viscoelastic liquid, which is in good agreement with the properties of an embryonic tissue [14, 15, 29] . Also the values we get for the surface tension falls within values of surface tension for tissues, which range from 1.6 dyn/cm for neural retina aggregate to 20 dyn/cm for Limb bud aggregate [15] . These results where very encourag- ing since they indicated that our model simulates the behavior of embryonic tissues quite well and that the values we used for the adhesion constant were within the biological values. With these encouraging results we moved on to study the sorting of cells due to differences in adhesion between two cell types. a H is the distance between the two plates and ad is a non-dimensional parameter for the adhesion. The sorting of cells due to differences in adhesion was first suggested by Steinberg [37] and is referred to as the differential adhesion hypothesis (DAH). The DAH states that two cell types with different adhesion strengths, or equivalently, differences in energy of adhesion, sort out in such a fashion that the cells with stronger adhesion sort together in the center completely enveloped by the cells with weaker adhesion. The reasoning for this was based on thermodynamic considerations which state that in thermodynamic equilibrium the potential energy is minimized. It can be shown theoretically that when two fluids with different surface tension are mixed together, the equilibrium state is such that the fluid with higher surface tension forms a sphere enveloped by the other liquid. Steinberg's group verified the DAH by mixing together cells that had different adhesion strength, allowing the system to reach equilibrium, and showing Fig. 9 . This figure shows the final shape in a platepress simulation. Here H = 5.0 as before, but the adhesion is low, ad=15, and rand force=2. As can be seen the cell aggregate does not relax towards the equilibrium state. The resulting plate force=380 nN is larger than the force measured when the aggregate reaches equilibrium (see Table 1 ). The time unit is 0.05 min and the force is in nN.
that invariably the cells with stronger adhesion sorted to the center.
Our model is based on individual cells and their distinct characteristics. This feature allows us to study the effects that finite cell size, the stiffness of the cells and random movement have on the rate and completeness of sorting. Here we use the model to show that DAH can indeed explain cell sorting and we explored how changing the magnitude of the random motion, the compressibility and adhesion of the cells, affected cell sorting. The results of these simulations are shown in Figs. 11-15 . The sorting parameter, s, is found by counting the number of neighbor cells that are of same type and dividing that number with the total number of neighbors. When one cell type is completely enveloped by the other cell type, we use the term complete sorting. Due to slightly random fluctuations of the cells, s does not stay at a fixed value, but it fluctuates. As the number of cells in the aggregate increases, s approaches the value 1.0 when there is complete sorting. However when the number of cells is small, a large fraction of the cells are on the boundary between the two cell populations, so the maximum obtainable value for s is significantly less than 1.0. For example for 400 cells, maximum sorting is for s = 0.69, and for 1350 cells the maximum sorting occurs around s = 0.77. Fig. 10 shows a typical cell sorting simulation. Here the lighter cells are two times more adhesive than the darker cells. As can be seen, the lighter cells move into the center of the aggregate, and at the same time push the darker and less adhesive cells out to the surface.
In Fig. 11 we can see how important the magnitude of the adhesion is in sorting. When the adhesion is low, the cells do not sort well when there is negligible random movement, since then the adhesion is not always sufficient to pull cells past each other, they get stuck in their local minima and cannot escape. Notice that increasing the adhesion does increases the sorting, and above some threshold adhesion, there is a sharp change where complete sorting is achieved very rapidly in about 20 min.
If we increase random motion, then complete sorting does occur for a lower adhesion, however it takes longer time than when the adhesion is high. The time it takes to completely sort depends strongly on the magnitude of the random force (Fig. 12) . Complete sorting takes 25 min when the rand force is 30 nN, 35 min when rand force is 20 nN and about 60 min when the rand force is 15 nN and about 100 min when the rand force is 10 nN. One should note that the sorting is more complete when the random force is low. This is because when the random movements are large the cells move in and out of the minimum energy state, rather than remain fully sorted.
Changing the compressibility of the cells affects the sorting quite dramatically (Fig. 13) . When the cells have a low compressibility, i.e. they are easily deformed, complete sorting occurs rapidly, since cells move easily. As the cells become stiffer, either the random cell movement and/or adhesion strength must be increased in order to get complete cell sorting.
The initial configuration, whether it is random or a regular 3D checkerboard pattern has slight effect on the time of sorting, the sorting occurs faster if the initial configuration is random. Notice that even when the random force=0 there is still some random motion, this is because the cells still re-orient and since they are elongated this effectively gives rise to a slight random motion. Fig. 13 . This graph shows how changes in the compression constant affect cell sorting. Low compression constant means easily deformable cells. Notice how cells sort easily when the compression constant is low but the sorting is severely hampered when it is high. However increasing the adhesion constant counteracts the effect of increasing the compression constant.
We also changed the range of the adhesion force between two cells. This was done by modifying the exponent in the adhesion force Eq. (8). In Fig. 14 , ex refers to the value of the exponent. As one could (8) for the adhesion force. When ex is large the exponential falls of rapidly so the adhesion is short range, small ex gives long range adhesion. All the previous simulation where done using ex=4. predict, increasing the range of the adhesion force increased the rate of sorting and the adhesion threshold for complete sorting was lowered. The opposite effect occurred when the range of the adhesion force was reduced, this raised the threshold adhesion for complete sorting and the random motion became more important, and the sorting took longer time. Fig. 15 shows a simulation with 1350 cells. The results were similar but the difference between rand forces=0 and 20 was now much more significant and the sorting took much longer time, 90 min. This is most likely due to the fact that when the number of cells goes up, the effect of the surface is diminished and cells are more likely to be trapped in local minima, where they need random movement to escape.
Simulations of aggregation and slug movement in Dictyostelium
We began by studying aggregation and mound formation in Dictyostelium. In these simulations a few cells in the center, slightly darker, are more excitable, effectively making them pacemakers. These pacemaker cells, initiate outward propagating circular cAMP waves that result in chemotaxis of the other cells towards them. Fig. 16 shows the time series of a simulation of the aggregation. In this simulation the number of computational "cells" is 2500 but each represent one real cell and since we can do simulations with 10 000 cells and mounds can be made with even fewer cells than that, this is not a problem. Since we wanted to study stream formation, we weighted the cells by a factor of 4 or 16, in order to get a larger aggregation area, so that we could see larger streams. In these simulations the model of the signaling system is two-dimensional, which is sufficient during the aggregation phase, but for the mound formation and slug movement a three-dimensional model of the signaling system is desirable. Here, we compensate for this by letting the [cAMP] be uniform in the z-direction. Since the cAMP signal is identical in the z-direction, we cannot study the detailed 3D chemotaxis that may occur in the mound. However, we showed that the mound formation and the rising up of the cells, can occur without any upward chemotaxis, and that the cells that are already in the center are pushed up by the movement of the outer cells towards the center. This does not mean that the cells are not moving chemotactically upwards during Dictyostelium mound formation, but only that upwards chemotactic movement is not necessary for mound formation. The cell tracks also indicate that the cells that get to the center first tend to rise highest in the mound, and only the occasional cell seems to climb up on the side of the mound.
We also studied the movement of a 2D slug, by constraining the cells to move between two parallel plates separated by 15 m, thus effectively forcing the slug to be about only one cell layer thick. This set-up created a slug similar to the 2D slugs created by Bonner [4] when he forced slugs to move between the boundary of glass and mineral oil. We arranged the cells in a regular square between the two plates and then put a few pacemaker cells at the front and started the simulation. The slug begins to elongate and move forwards. In the movie of this simulation (http://www.math.utah.edu/ ∼ epalsson/movies/slug.straightgraft. qt+) one can clearly see the posterior cells move forwards towards the cAMP wave emanating from the pacemakers, and this forward motion then pushes the pacemaker cells forwards, giving rise to a net forward movement for the slug.
Often when the slug is moving straightforward, the trajectories of all the cells are straight (Fig. 18a) . When we increase the active force that a cell applies, which often results in increased cell speed, the random cell movement often shifts the pacemakers away from the center axis. This causes the slug to turn, since the cAMP wave begins to curve, and the cells try to follow the wave. In these slugs the posterior cell tracks are straight, while the anterior cells often move in a more irregular fashion (Fig. 18b) . When the slug turns, the cells at the front begin to rotate around the pacemakers, and this rotation is much more than what is required for simple turning. This demonstrates that even in response to a simple wave initiated by a pacemaker, we still can get rotational cell movement. We believe that the reasons for this may be that the lateral shift in the pacemaker position changes the point of origin of the cAMP wave so that the cells on the other side of the shift move sideways, reinforcing the lateral shift, whereas cells on the same side continue to move forward, but since the slug is held together by adhesion forces, this causes the slug to turn and results in cell rotation around the pacemakers. This rotational "instability" is triggered by axial asymmetry in cell movements, but it usually dampens out, and the cells stop rotating. These results might possibly be tested in the 2D slugs from Bonner's experiments by changing the oxygen concentration on one side of the slug. This could shift the pacemaker position laterally since oxygen is believed to increase cell activity [4] . After 100 min we added another group of pacemaker cells onto one side of the slug. These pacemakers begin to send out cAMP signals and thus compete with the pacemakers up front. The net result is that the slug splits up into two parts, each one being led by a group of pacemakers. This type of phenomenon is common in grafting experiments with 3D slugs but has also been observed in 2D slugs. If the cell-cell adhesion is too strong the slug does not split up, instead, after some period of tug of war, one of the pacemaker centers eventually entrains the other, and the rest of the slug moves towards that center (results not shown). In one simulation only about 50 cells split off the main slug and here rather than form a small slug the pacemaker cells pretty much remained in the center and the other cells mostly rotated around them, similar to Bonner's observations [4] .
In these simulations all the cells respond similarly chemotactically, so the observation that the cell tracks are straight in some of our simulations when the active force is small, is not inconsistent with observations of more irregular cell movement that is seen at the tip in 2D slugs. In those slugs the anterior cells are moving much faster than posterior cells and this difference may give rise to the irregular cell movement at the front, as has been suggested by Bonner [4] .
We did simulations in a 2D slug with two cell types where the active locomotive force that one cell type applies was 50% larger than the other, and we started the simulations with these cell types completely mixed. However, to our surprise we discovered that even though the "stronger" cell had a tendency to move up-front, most of them did not make it up-front in the time of the simulation (4 h). This was different from aggregation where the "stronger" cells moved about 50% faster and quickly moved ahead of the other cells. The explanation for this behavior is that when the cells are in the slug, they must move past other cells to get to the front and that delays them severely if the cells are not very deformable. So moving to the front takes them much longer time than if they were moving autonomously. A possible mechanism that might speed up the cell sorting would be if a column of more active cells was moving towards the front, in this case the less active cells would not be as much in the way.
Discussion
We have developed a model that allows us to simulate and visualize in 3D the movement of cells in multicellular systems. This model allows us to explore how specific characteristics of the cells, such as adhesion and cell stiffness affect the cell motion. We can also use the model to explore how chemotactic signals direct cell movement and how in turn the cell movement affects the signal propagation. Being able to visualize the movement and trajectories of individual cells can help us gain understanding and insight into how cell movement and sorting transpire and the effect of external or internal factors. This can be both useful in basic research as well as for teaching purposes.
We have shown that cell aggregates in our model behave as viscoelastic fluids, in agreement with experimental results from embryonic tissues. But our model also retains cell individuality, which we demonstrated in the cell sorting simulations. This feature allowed us to explore what difference finite cell size and cell characteristics had on cell movements, something that is not possible with fluid based models. The simulations clearly suggested the importance of cell individuality, since the stiffness, cell-cell adhesion strength, and random movement of the cells, significantly affected the rate and completeness of cell sorting. Our results compared well with the cell sorting experiments using parameters derived from experimental values. We have found that slight random movement of the cells is important to get proper sorting in finite time. An experiment that could be done to test our results would be to mix together cells that express very few adhesion molecules and measure the time it takes for the cells to sort, and compare the results with findings from cells expressing a higher number of adhesion molecules. Also since many cells become stiffer as they age, the effect of cell stiffness can be tested by performing the cell sorting experiments with cells of different age. Since temperature can affect the random motion of cells, doing the experiments at different temperatures might give us useful results to compare our simulations with.
We also showed that the observed collective coordinated motion of cells in Dictyostelium, from aggregation to slug movements, follows directly from the behavior of individual cells; no additional assumptions are necessary, such as the squeeze-pull mechanism [49] for the slug. Also since we balance all the forces, the model allows us to study the differences in movements when the cells are dragging themselves forward by grabbing onto other cells and not propelling themselves forward by some internal "jet engine" [45] . From the simulations one can see that during aggregation the stream formation comes out naturally, all that is needed is to couple the cAMP secretion with the cells. Essentially this coupling causes the cAMP secretion to be higher where the cell density is higher, and since the cells aggregate in the direction of the cAMP gradient, the cells chemotact towards higher density regions further increasing the density. This mechanism is responsible for the stream formation. The handling of the cAMP signal in these simulations was only in 2D and the cAMP concentration was assumed to be uniform in the z-direction. Our simulations showed that the formation of the mound occurred because of the inward movement of the cells towards the pacemaker which pushed the other cells upwards; the mound formation did not require any chemotaxis in the z-direction.
Even though the wave pattern guiding the 2D slug motion was a simple pacemaker, we could still observe irregular cell movements, such as the slug turning and the cells rotating around the pacemaker. These irregular cell movements became more pronounced when the cells moved at higher speeds. What these simulations show is that due to the complex interaction between the cells, a simple wave may give rise to complex cell tracks.
Since there is much data from experiments, where labeled cells are tracked inside multicellular systems, we have ample opportunities to compare the results of our model with experimental findings. A specific focus is studying the cell movement and sorting of pre-spore and pre-stalk cells in the late mound and slug stage of Dictyostelium. We want to explore in the full 3D system, the interaction of cAMP signal propagation and cell movements and explore what type of signal propagation can give rise to the observed cell movement [31, 35] . In this system the movement of cells has been observed using confocal microscopy but so far the spatial distribution and profiles of the chemotactic signals cannot be measured inside the slug. So here the model can help us by showing what kind of signal profiles can give rise to the observed cell movements.
A further improvement of the model will be to make the handling of the cAMP signal 3D so that we can model the cell movements in the mound and 3D slugs accurately. Also we wish to include cell differentiation and try to couple that with the cell movements and signaling. We would also plan to use the model to study wound healing and cell movements during embryogenesis. His PhD thesis focused on pattern formation and on the initiation and evolution of spiral and target patterns due to the cAMP signaling in Dictyostelium discoideum. He had a postdoctoral position from 1996 to 1999 in the Department of Mathematics at the University of Utah, where he worked on models of cell movements in multicellular tissues. Currently, he is an Assistant Professor in the Department of Biology at the College of Staten Island, where he is continuing to develop his model on cell movements. He has been modeling in detail the movement and cell-cell signaling in Dictyostelium discoideum. His research interests pertain to mathematical biology. In particular, designing and programming of mathematical models in molecular and cellular biology and using these models to get an understanding of the underlying biological mechanism. Simulations of his models can be viewed at http://www.math.utah.edu/ ∼ epalsson/research.html.
